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The topological properties of the bulk band structure of a three-dimensional topological insulator (TI) mani-
fest themselves in the form of metallic surface states. In this paper, we propose a probe which directly couples
to an exotic property of these surface states, namely the spin-momentum locking. We show that the information
regarding the spin textures, so extracted, for different surfaces can be put together to reconstruct the parameters
characterizing the bulk band structure of the material, hence acting as a hologram. For specific TI materials
like, Bi2Se3, Bi2Te3 and Sb2Te3, the planar surface states are distinct from one another with regard to their
spectrum and the associated spin texture for each angle (θ), which the normal to the surface makes with the
crystal growth axis. We develop a tunnel Hamiltonian between such arbitrary surfaces and a spin polarized
STM which provides a unique fingerprint of the dispersion and the associated spin texture corresponding to
each θ. Additionally, the theory presented in this article can be used to extract value of θ for a given arbitrary
planar surface from the STM spectra itself hence effectively mimicking X-ray spectroscopy.
I. INTRODUCTION
Topological insulators (TI) have been a very active sub-
ject of research in condensed matter physics since their
inception.1–10 The discovery of strong 3D TI materials6–12
which have an insulating bulk and topologically protected
metallic surface states has led to an ever increasing amount
of studies both theoretically and experimentally. These ma-
terials are known to exhibit exotic properties which are at-
tributed to the topological aspect of the bands associated with
these materials.6,11,13,14 TIs are what can be called holographic
materials, in the sense that the properties of the topological
gapped bulk can be deduced from the image of these topo-
logical properties on the surface states. A special feature
of surface states in these materials is the presence of spin-
momentum locking. The central motivation of this paper is
to propose a holographic probe for 3D TIs which gives a read
out of the parameters characterizing the bulk by studying the
spin textures of many different surfaces of the TI, correspond-
ing to many different cleaving angles with respect to the crys-
tal growth axis, within an electrical transport setup in a non-
invasive fashion.
The spin textures of the surface states of TIs have been
studied by spin-resolved angle resolved photoemission spec-
troscopy (ARPES)12,15–17 or by scanning tunneling micro-
scope (STM)18–22 via study of quasi-particle interference pat-
terns induced by weak disorder potential. Though spin-
resolved ARPES serves as a very efficient probe for scan-
ning the surface state spectrum of 3D TI leading to a com-
plete reconstruction of the spin texture of the Fermi surface,
it does not provide information regarding influence of spin-
momentum locking in electrical transport properties of the
surface state. On the other hand, STM can be used to gather
information regarding spin-momentum locking via transport
but only in the disordered limit as it relies on quasi-particle
interference18 which is produced due to disorder-induced scat-
tering and the information hence extracted is indirect. Also,
experiments with multiple ferromagnetic contacts pad23–27 do
provide a strong indications of spin-momentum locking but at
the same time they are far from being comprehensive as far
possibility of reconstruction of the spin texture of the Fermi
surface is concerned. Hence an electrical transport probe
which works in the ballistic regime and probes the spin texture
as directly as the spin-resolved ARPES with minimal invasion
into the TI surface state is desirable.28
Further note that the technique of spin-polarized ARPES
works very well as long as the spin-momentum locking is be-
tween a physical electron spin and its momentum, on the other
hand if the locking is with a pseudo spin degree of freedom
like the case of θ 6= 0, pi29,30 then the expected success of
spin-polarized ARPES in determining spin texture is a priori
not clear31. In this article we carry out an extensive study on
the possibility of using spin polarized STM as a probe for the
surface state corresponding to arbitrary value of θ in the ballis-
tic limit. We exploit the new concept of a multi-terminal tun-
nel magnetoresistance (TMR)32 response defined in Ref. 28 to
develop a strategy for probing the Fermi surface and their spin
texture for surface states corresponding to arbitrary values of
θ. For θ 6= 0, pi, the degree of freedom which couples to the
momentum is a surface dependent linear combination of two
SU(2) degrees of freedom, the electron spin and the orbital
pseudo spin, however the spin polarized STM has only the
electron spin as its degree of freedom. So, in the process we
come up with a tunnel Hamiltonian for such junctions, which
is a crucial development in itself. We theoretically show that
the proposed strategy indeed provides enough information to
facilitate reconstruction of the Fermi surface and the spin tex-
tures. The central outcome of our study lies in the fact that,
when the collection of information extracted from the STM
scan of surfaces correspond to all possible θ is put together, it
facilitates identification of fundamental parameters of the bulk
band structure and hence effectively acting like a hologram.
The rest of the paper is organized as follows: in Sec. II, the
geometry and the setup is discussed. In Sec. III, the results
of Ref.[29] regarding the surface states and their spin texture
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2is briefly reviewed followed by discussions on degeneracy in-
duced breaking of symmetries by surface states in Sec. IV. In
Sec. V, a model for a spin polarized STM is presented and
the corresponding momentum resolved current is discussed.
Current from STM injected into the TI surface is calculated
to leading orders perturbatively in the weak tunnel coupling
limit. In Sec.VI, we discuss the strategy for reconstructing
the spin texture corresponding to different surfaces via a de-
tailed study of tunneling current which carry unique finger-
prints of the corresponding Fermi surfaces and its spin tex-
tures. In Sec.VII we show that the spin textures for differ-
ent surfaces can be used to extract fundamental parameters of
the bulk Hamiltonian which effectively determine the surface
dependent Fermi velocities for different θ, hence acting as a
hologram of the bulk. Finally the results are summarized in
Sec. VIII along with outlook.
II. EXPERIMENTAL GEOMETRY
In this section, the schematic of the setup is discussed along
with setting up the conventions and notations which are used
in the rest of the paper. A schematic diagram of the setup
is shown in Fig. (1). The crystal growth axis is always taken
along the z direction, and an arbitrary surface denoted by Σ(θ)
is exposed by taking a cut parallel to the y direction, such that
the normal to the surface makes an angle θ with the crystal
growth axis. Momentum normal to the exposed surface is de-
noted by k3. Since the cut is parallel to the y axis, hence one
of the in-plane momentum remains ky as we vary θ. The other
in-plane momentum orthogonal to ky is denoted by k1 which
is basically kx rotated by an angle θ about the y axis as shown
in Fig. (1). For convenience of the readers we have kept the
coordinate system defining the surface same as in Ref. [29].
Two contact pads are placed on diagrammatically opposite
sides of the exposed surface such that each contact collects
the current injected in that half of the sample in which the
contact pad is placed. An imaginary line which divides the
sample into two halves is shown by the dashed line in Fig. (1).
The angle it makes with the k1 axis is denoted by γ. Accord-
ing to this convention the current collected in the left contact
denoted by IL is the current that flows in the region covered
by the range of angle from γ to γ + pi, whereas the current
collected by the right contact IR, is the one collected in the
region spanned by angle ranging from γ + pi to γ + 2pi. In
this way, a strict sense of consistency is maintained in regard
to what is IL and IR. The current asymmetry ∆I is defined
as the difference of the two, i.e, ∆I = IL − IR and the total
current injected from the tip into the TI surface is denoted by
I0 = IL + IR. In our analysis, we neglect the edge states that
could in principle, appear at the edges between two surfaces
with different orientation of a 3D TI.30,33
III. SURFACE STATES AND SPIN TEXTURES
Band structure studies of 3D TI materials like
Bi2Se3, Bi2Te3 and Sb2Te3 are such that the low en-
FIG. 1. Left:A schematic of the set-up involving an arbitrarily cut
surface of the TI, STM and the two contact pads. The surface shown
with the contacts has its normal (pointing along kˆ3) at an angle θ
to the crystal growth axis (along zˆ). As a reference, a translucent
surface lying in the x-y plane is shown which is perpendicular to
the z-axis. For more details refer to the text in Sec.II. Right: The
schematic setup viewed along the y-direction clearly shows the sur-
face of interest along with the coordinate system.
ergy sector of the theory expanded around the center of the
Brillouin zone (Γ-point) are spanned by states labeled by
only two quantum numbers.29 One being the electron spin
(σ) quantum number and the second one is a parity quantum
number (τ ) owing to inversion symmetry of the unit cell
and it takes ±1 as its eigenvalue. Hence, with spin and
parity put together, the effective low energy theory for these
materials reduces to a four band model. From here on we will
refer to the space spanned by eigenstates of τ as the orbital
pseudo-spin space. For the surface perpendicular to the
crystal growth axis (θ = 0 and pi), the two sectors belonging
to the spin and the parity remain completely decoupled as far
as dispersing degree of freedom are concerned but this fact
is true only for θ = 0 and pi surface. In an elegant work by
Zhang et.al.,29 the physics of surfaces oblique to the crystal
growth axis was considered. It was shown that the momentum
modes of these surface states coupled to new SU(2) degree
of freedom which is different from the spin. These degree of
freedoms are constructed out of combinations of spin and the
parity. The exact composition of spin and parity contribution
depends directly on the angle θ. Furthermore, unlike the top
surface, the Fermi surface is no more circular but elliptic
where the eccentricity again depends on the angle θ.
We start with a review of the expressions concerning the
surface states for arbitrary θ obtained in Ref. [29] which are
important for evaluating the tunneling current from a spin po-
larized STM into the TI surface. A self-contained reproduc-
tion of the expressions of Ref. [29] can be found in Appendix
A.
The low energy Hamiltonian expanded around the Γ-point
for 3D TI material like Bi2Se3 retained up to linear order in
momentum is given by
H = (−m0τz +vzkzτy)⊗ Iσ +v‖ τx⊗ (kyσx−kxσy), (1)
where the basis chosen is given by (|+ ↑〉, |+ ↓〉, |− ↑〉, |− ↓
〉). Here ± denotes the even and odd parity orbitals and the
↑ / ↓ denotes the z-component of electron spin where z-axis
3is taken to be parallel to the crystal growth axis and m0 de-
notes the bulk band gap. This basis renders the surface Hamil-
tonian block diagonal in the parity space and helps in motivat-
ing the formalism for calculating the tunneling current from
a spin-polarized STM into two channels corresponding to the
two parity orbitals. Following Ref. [11], we use the parame-
ter values vz = 2.2 eVA˚ and v‖ = 4.1 eVA˚. To derive the
surface Hamiltonian for an arbitrary surface Σ(θ) that is ex-
posed by cleaving the crystal at an angle θ with the crystal
growth axis, it is convenient to work with a local surface de-
pendent frame of reference spanned by kˆ1, kˆy, kˆ3 axes (see
Fig.1), where kˆ1, kˆy are the in-plane vectors. The rotation of
the plane is always done about the kˆy axis and kˆ3 is chosen
to be perpendicular to the given surface. In such a frame, the
Hamiltonian in Eq. (1) can be written as
H = −m0Tz+(v3k3+v0k1)Ty+(v‖kySx−v1k1Sy)Tx, (2)
where S and T are pseudospins defined by surface dependent
linear combinations of products of τ ⊗ Iσ and Iτ ⊗ σ. They
are given by29
T = {ατx ⊗ Iσ + βτy ⊗ σy, ατy ⊗ Iσ − βτx ⊗ σy, τz ⊗ Iσ}
S = {αIτ ⊗ σx − βτz ⊗ σz, Iτ ⊗ σy, αIτ ⊗ σz + βτz ⊗ σx},
(3)
where v3 =
√
(v‖ sin θ)2 + (vz cos θ)2, α = vz cos θ/v3,
and β = v‖ sin θ/v3. Also v0 = (v2‖ − v2z) sin θ cos θ/v3
and v1 = vzv‖/v3. Both T and S independently satisfy the
SU(2) algebra and they also satisfy [Ti,Sj ] = 0 for all i, j.
Using the topological boundary condition34 given in Ref. (29)
the surface Hamiltonian is obtained as
Hsurf(θ) = v‖kySx − v1k1Sy. (4)
In the basis chosen, the 4 × 4 surface Hamiltonian (Eq.(4))
is block diagonal leading to a doubly degenerate Dirac-like
energy spectrum given by
Ek,±(θ) = ±
√
v2‖k
2
y + v
2
1k
2
1. (5)
Since each surface of a strong 3D TI has only a single Dirac-
like cone, the surface states are correctly described by taking
linear combinations of two degenerate eigenstates of the sur-
face Hamiltonian (Eq.(4)). Such surface states can be written
as
Ψ
1(2)
c(v)(k) =
1√
2
(
ψ+E+(E−)(k) + e
iφ
1(2)
R ψ−E+(E−)(k)
)
c
1(2)
k,c(v),
(6)
where ψ+E(k) and ψ
−
E (k) are the two states corresponding
to energy E and momentum k from the two degenerate
eigenspaces of the surface Hamiltonian (Eq.(4)), 1(2) in the
superscript denotes top (bottom) surface, c(v) in the subscript
denotes conduction (valence) band, and c1(2)k,c(v) is the corre-
sponding electron annihilation operator with momentum k for
the TI surface. The phases φ1(2)R are fixed by ensuring the
states in Eq.(6) to be the positive (negative) eigenstates of the
Tx operator. From here onwards, we work only with the sur-
face states corresponding to the positive eigenvalue of Tx with
the Fermi level placed in the conduction band (i.e. Ψ1c(k)).
Using the surface wavefunction given by Eq. (6) for an ar-
bitrary surface termination characterized by the angle θ , the
spin texture in the momentum space is obtained by taking the
expectation of the spin operators I2×2 ⊗ σ as
〈σ(k)〉 = 〈Ψ(k)|I2×2 ⊗ σ|Ψ(k)〉, (7)
which yields the expressions given in Eq.(A9) in the Ap-
pendix.
Note that the magnetization of the Fermi surface remains
zero irrespective of non-triviality of the spin texture owing to
time reversal symmetry. At the same time the magnetization
of half of the Fermi surface carries unique signatures of the
surface state corresponding to given θ. This fact plays an cen-
tral role in formulation of our strategy for identification of θ
for a given arbitrary surfaces by using spin-polarized STM
scans.
IV. BREAKING OF τz SYMMETRY BY SURFACE STATES
We first note that the block diagonal form of the
Hsurf(θ) in Eq. (4) implies that τz is a conserved quantity
(i.e., [Hsurf(θ), τz ⊗ Iσ] = 0) for the surface Hamiltonian. At
the same time the surface states also have a two fold degen-
eracy where the degenerate solutions are given in Eq. (A4).
Though each of these individual degenerate solutions do re-
spect the τz symmetry, a linear combination of these solu-
tions which is also a valid eigenstate of Hsurf(θ) could break
the τz symmetry spontaneously. This is indeed the case for
the surface states and this is a direct consequence of the fact
that the surface states have to be simultaneous eigenstates of
Hsurf(θ) and Tx (= α τx⊗Iσ+β τy⊗Iσ). As the operator Tx
lies on the x-y plane in the τ space, the correct surface state
are constructed as equal weight superposition of degenerate
eigenstates of τz ⊗ Iσ with only a relative phase allowed be-
tween them (see Eq. (6)) hence breaking the τz symmetry of
Hsurf(θ).
V. PERTURBATIVE CALCULATION OF TUNNELING
CURRENT FROM STM
In this section, we engineer a minimal model for a tun-
nel Hamiltonian which can be used to inject spin-polarized
electrons from a magnetic STM tip into the TI surface. The
key ingredient in this construction stems from the observation
that 〈τz〉 is identically zero for all surface states for all mo-
menta. The diagonal blocks of Hsurf(θ) (see Eq. (A1) of the
Appendix) belong to the +1 or−1 eigenvalues of τz and have
a spin degree of freedom associated with them (which points
along B+k and B
−
k respectively as shown in the Appendix).
Hence each STM electron injected into the TI surface state
sees two independent channels given by τz = ±1. Tunneling
into each channel corresponding to τz = ±1 will have a finite
4amplitude (call it tτz+ and t
τz− ). We note that the correspond-
ing tunneling currents injected into each τz should not only be
proportional to |tτz± |2 but also to the modulus squared of over-
lap of the STM electron spinor pointing along the polarization
direction of the tip and that of a spinor which is pointing in the
direction of B±k respectively. This could give rise to a finite
TMR which is the central focus of this article. As mentioned
in Sec.IV, the surface states indeed break the τz symmetry
by being in a superposition state in the parity Hilbert space,
specifically an equal weight superposition of the eigenstates
of τz , resulting in 〈τz〉 = 0 for states corresponding to all θ
and k. Physically, the eigenstates of τz correspond to the two
orbitals coming from the Bi and Se atoms, hence it is interest-
ing to note that, within the low energy theory, on an average,
the electronic orbitals corresponding to the Bi and Se atoms
are exposed with equal weight on all surfaces. In a realis-
tic situation, the relative phase between the two couplings tτz+
and tτz− and their relative weights would depend on the micro-
scopic details of overlap of the surface state wavefunction and
the tip wavefunction, and is expected to get randomized over
several measurements. Owing to this, and the fact that both
the orbitals have equal weight on the surface states, an equal
weight averaging over the relative phase and relative weight
of tτz+ and t
τz− is performed at the end of the calculation to
obtain the results which pertain to the physical situation. An
efficient way to implement the above consideration is to ar-
tificially expand the Hilbert space of the tip Hamiltonian to
include a fictitious τ degree of freedom on the tip so that we
have
ΨSTM =
1
N
∫
dk
(
tτz+
tτz−
)
⊗
(
cos(θs/2)
sin(θs/2)e
iφs
)
eikrdk,↑, (8)
where N is a normalization constant and the angles θs and φs
denote the polar and the azimuthal angles for the magnetiza-
tion direction of the STM tip, respectively. The corresponding
Hamiltonian for the STM tip is given by
HSTM =
∑
k
εkd
†
k,↑dk,↑. (9)
The tunnel Hamiltonian between the tip and surface can be
written as
Htunn = J (Ψ†STM(r = 0)Ψc(r = 0) + h.c), (10)
which in the momentum space looks like
Htunn = J
∑
k,k′
(zkc
†
kdk′,↑ + h.c), (11)
where J is the tunneling amplitude, zk is the overlap of the
four component spinors of the TI (Eq. (A6)) and the STM
(Eq. (8)).
The corresponding current operator is defined as35
Iˆ = e
dNˆSTM
dt
=
ie
~
[H, NˆSTM], (12)
whereH is the sum of the TI, STM and the tunnel Hamiltoni-
ans. To leading order in perturbation theory, the expectation
value of the current is given by
〈I〉 = i
~
∫ 0
−∞
dt′〈g|
[
Htunn,I(t′), IˆI(0)
]
|g〉, (13)
where |g〉 = |g〉TI ⊗ |g〉STM is the product of ground state of
the individual systems in a decoupled state where both of them
are maintained in equilibrium at two different Fermi energies
which are infinitesimally close to one another. The difference
of Fermi energies plays the role of applied bias. The subscript
I denotes the fact that the operators are in the interaction pic-
ture. Writing everything in the momentum space, it becomes
clear that the expectation value for the current operator can be
written as a sum of momentum resolved currents if evaluated
to lowest order in the tunnel coupling J given by:
〈I〉 =
∫
dk
N1
[
e J2
~2
| zk|2
∫
dk′
N2
χk,k′
]
, (14)
where
χk,k′ =
∫ ∞
−∞
dt′ Im [ GTI(k, 0;k, t′) GSTM(k′, 0; k′, t′) ].
(15)
G denotes the standard time ordered fermionic Green’s func-
tions. N1 and N2 are normalization constants, which depend
on the system sizes of the TI and the STM respectively. The
time integral in Eq. (15) leads to a delta function δ(ε′k−Ek,+),
which ensures energy conservation. The Green’s functions
just give the difference of Fermi functions, and the δ- function
in energy ensures appropriate conditions over k′ in Eq. (14)
for the evaluation of the integral over k′, leading to a momen-
tum resolved expression for current which reads as
〈I〉(k) = eJ
2
~2N2
|zk|2χk, (16)
where
χk =
∫ ∞
−∞
dk′ χk,k′
= ~ρSTM(nF(Ek, µTI, TTI)− nF(Ek, µSTM, TSTM)),
(17)
where nF denotes the Fermi functions, and ρSTM =
(~vF,STM)−1 is the constant DOS of the STM. Note that, the
STM is modeled as a 1D electron gas with a parabolic spec-
trum, however since we limit ourselves to tiny bias windows,
the spectrum can be safely linearized and the DOS can be
treated independent of the energy.
The expression for the momentum resolved current can be
rearranged to explicitly identify the contribution coming from
the three different processes to the leading order as follows,
I(k) =
eJ2ρSTM
~N2
( |tτz+ |2
2
M1(k) +
|tτz− |2
2
M2(k)
−2Re[(tτz+ )∗tτz−M12(k)]
)
×(nF(Ek, µTI, TTI)− nF(Ek, µSTM, TSTM)). (18)
5The first and the second term with the coefficients |tτz+ |2 and
|tτz− |2 refer to the processes where the electron is injected into
and taken back from the even and odd parity orbitals respec-
tively, hence they come with their respective STM coupling
strengths |tτz+ |2 and |tτz− |2. The third term on the other hand
refers to the process where the electron is injected into an even
parity orbital but taken out from the odd parity orbital. The
explicit form of the terms M1(k), M2(k) and M12(k),
M1(k) = 1+cos θs cos θk+sin θs sin θk cos(φs−φk) (19)
M2(k) = 1−cos θs cos θk+sin θs sin θk cos(φs−φk) (20)
M12(k) = e
−iφR [sin θk + sin θs(cos(φs − φk)+
cos θk sin(φs − φk))] (21)
sheds more light onto the three processes described above.
It is quite clear from Eq. (19) and Eq. (20) that M1(k) and
M2(k) are nothing but the magnitude squared of the spinor
overlaps of the spin part of the STM spinor and the ones rep-
resenting the spins of the even and odd parity orbital sectors
respectively. These two terms are later used to reconstruct
the spin texture. The third term containing M12(k) can be
understood in terms of a interference term for a two path in-
terferometer where even and odd parity orbital sectors define
the two paths. As discussed in the beginning of section, to
obtain a physical answer we need to average over the relative
amplitude and phase of tτz± . In order to do so, we use the
parameterization, tτz+ = cos(θo/2) and t
τz− = e
iφo sin(θo/2)
where smallness of the tunneling amplitude is dumped into J
(see Eq.(10)). This allows us to explore and perform an equal
weight averaging over the full space of relative amplitudes of
tτz+ and t
τz− and also an averaging over all possible relative
phases (for θo, averaging is done from 0 to pi, and for φo, it is
from 0 to 2pi). The momentum resolved current before aver-
aging takes a form given by
I(k) =
eJ2ρSTM
2~N2
[1 + cos θo cos θs cos θk + sin θs sin θk
cos(φs − φk)− sin θo cos(φo − φR){sin θk
+ sin θs(cos(φs − φk) + cos θk sin(φs − φk))}]
×(nF(Ek, µTI, TTI)− nF(Ek, µSTM, TSTM)) (22)
If we consider Bi2Se3, then the positive and negative parity
orbitals approximately correspond to the orbitals of Bi and
Se atoms respectively, hence surfaces with different orienta-
tion exposes the two orbitals with different weights due to
arrangement of the Bi and Se atoms in the quintuple layer.
Still an equal weight averaging over the strengths of tunnel-
ing (ttz± ) by averaging over θo which quantifies the relative
weight between orbitals of Bi and Se atoms, remains justi-
fied in our analysis for the following reason. The terms which
carry the information regarding this relative weight in Eq.22
are the those which depend on θo. The terms involving sin θo
in Eq.(22) always go to zero due to the averaging over φo. The
other term involving cos θo is multiplied to cos θs, and since
throughout our protocol for reconstruction of spin texture for
surface state, the STM magnetization is restricted to the global
x-y plane (θs = pi/2), the contribution of this term is also
zero. The point to note here is, as the average spin polariza-
tion of the momentum modes belonging to any surface state
always stays in the x-y plane (see Eq.(A9)), hence the pro-
tocols used to reconstruct the information regarding the spin
textures of the surface states does not require us to have an
STM magnetization which has components along the global
z direction. After averaging over θo and φo, the momentum
resolved current can be expressed as
I(k) = eJ
2ρSTM
2~N2 (1 + sin θs sin θk cos(φs − φk))×
(nF(Ek, µTI, TTI)− nF(Ek, µSTM, TSTM)). (23)
Since in an realistic situation, the STM will never be fully
polarized, one has to account for it by putting in a polarization
factor defined by p = (ρSTM↑ − ρSTM↓ )/(ρSTM↑ + ρSTM↓ ) in the
expression for current as
I(k) =
eJ2ρSTM
~N2
(1 + p SSTM · 〈σ〉(k))×
(nF(Ek, µTI, TTI)− nF(Ek, µSTM, TSTM)), (24)
whereSSTM is the unit vector which is pointing along the mag-
netization of the STM. ρSTM = (ρSTM↑ + ρ
STM
↓ )/2 is defined as
the average DOS of the STM. Note that the current injected
from the STM into each momentum mode indeed has a el-
egant TMR form32 once averaging is performed. Of course
the contribution of the term SSTM · 〈σ〉(k) to I(k) reduces to
zero if we sum over all momentum modes due to time rever-
sal symmetry. On the other hand the value of SSTM · 〈σ〉(k)
when summed over a finite segment of the Fermi surface of
the TI surface is non zero. As the total current turns out to
be a momentum sum over the momentum resolved current
(Eq.(24)), one can define a current asymmetry which success-
fully captures the TMR response and can be measured in a
multi-terminal set-up shown in Fig. (1) by coupling to the
magnetization of half of the Fermi surface. The current asym-
metry (∆I) is defined as
∆I = IL − IR =
 γ+pi∫
γ
−
γ+2pi∫
γ+pi
 dδk ∞∫
0
dk
N1
k I(k), (25)
where k1 and ky are parameterized as k1 = k cos δk and ky =
k sin δk and IL and IR are the current collected by the left
and the right contact defined consistently as in Fig.(1). From
Eqs.(24) and (25), it can be seen that
∆I ∝
 γ+pi∫
γ
−
γ+2pi∫
γ+pi
 dδk ∞∫
0
dk SSTM · 〈σ〉(k). (26)
Owing to the presence of time reversal symmetry,
γ+pi∫
γ
dδk
∞∫
0
dk 〈σ〉(k) = −
γ+2pi∫
γ+pi
dδk
∞∫
0
dk 〈σ〉(k), (27)
6which means that ∆I essentially couples to the magnetiza-
tion of half of the Fermi surface of the TI surface state where
the chosen half of the Fermi surface depends on the choice
of γ. This result gives a clear indication that, by studying
the profile of the current asymmetry ∆I as a function of the
magnetization direction of the STM electron and γ, one can
reconstruct the Fermi surface and its spin texture for all sur-
faces corresponding to different values of θ. To get rid of the
dependencies on parameters like the system sizes, tunneling
strength etc., one can always define a dimensionless measur-
able quantity which is the ratio of the current asymmetry ∆I
and the total injected current I0 given by
∆I
I0
=
(
γ+pi∫
γ
−
γ+2pi∫
γ+pi
)
dδk
∞∫
0
dk k I(k)
2pi∫
0
dδk
∞∫
0
dk k I(k)
. (28)
VI. RECONSTRUCTION OF SPIN TEXTURE
The objective of this section is to show how the current
asymmetry measurements lead to a direct reconstruction of
the spin textures of Fermi surfaces of arbitrary TI surface
states. It was earlier shown in Ref. [28] that scanning ∆I
as a function of γ with a fixed chosen direction for magneti-
zation of the STM tip for a perfectly spin-momentum locked
θ = 0 surface leads to a complete reconstruction of the spin
texture on the Fermi surface. This was possible as the Fermi
surface for the θ = 0 surface has a perfect azimuthal symme-
try in the momentum space. For such a circular Fermi surface,
the relative angle between the STM magnetization, and γ for
which the TMR signal is extremum gives the spin-momentum
locking angle and the sign of the extremum gives the chiral-
ity, thus completely reconstructing the spin-texture. However,
for an arbitrary surface (θ 6= 0), the Fermi surface is ellipti-
cal as can be seen from Fig. (6) in the Appendix. Also, the
average spin associated with each momentum mode is not a
constant as we move along the Fermi surface. Moreover, the
spin-momentum locking angle is also skewed in the sense that
the angle between the averaged spin and the corresponding
momentum is not a constant as we move along the Fermi sur-
face. The Fermi surface being elliptic and the spin momentum
locking angle being not a constant make it necessary that we
make a TMR scan over γ for at least two magnetizations di-
rections of the STM spin for a unique reconstruction of the
spin texture. This is so because, for a general θ, the x- and
y-components of the spins have independent dynamics as we
move along the Fermi surface (as evident from Eq.(A9) in the
Appendix) and hence it requires two distinct measurements
with different STM magnetization to reconstruct them .
The formal expression (Eq. (24)) governing the TMR re-
sponse is same for all surfaces irrespective of the details of the
spin texture discussed above (though the actual response de-
pends on the details of the spin texture) and this is attributed to
the fact that the current asymmetry ∆I couples to the magne-
tization density (per unit area) of the half of the Fermi surface
-0.0004
0
0.0004
0
0.0004
0.0008
0
FIG. 2. The panels show the magnetization of the half of the
Fermi surface in the x direction (top) and the y direction (bot-
tom) as a function of γ for three different surfaces corresponding
to θ = 0, pi/4 and pi/2.
(i.e., 〈σ〉half) in the bias window which is defined as
〈σ〉half(γ) =
∫ ∞
0
kdk
∫ γ+pi
γ
dδk〈σ〉(nF,TI − nF,STM). (29)
Presence of time reversal symmetry forces the net magneti-
zation over the full Fermi surface to be zero, which implies
that the magnetization of the two halves of the Fermi sur-
face are equal and opposite to each other, i.e 〈σ〉half(γ) =
−〈σ〉half(γ + pi). Since the current asymmetry basically cou-
ples to the difference in the magnetization of the two halves
i.e ∆I ∼ SSTM · (〈σ〉half(γ)−〈σ〉half(γ+pi)), it is easy to see
that
∆I ∼ SSTM · 〈σ〉half(γ), (30)
which is the central relation connecting the current asymmetry
to the spin texture and hence leading to its reconstruction. The
magnetization of half of the Fermi surface, depends on two
factors, θ and γ. These two factors uniquely fix the magneti-
zation of the given segment of the Fermi surface. The strategy
which is followed for the spin reconstruction is as follows:
first, a TMR scan by varying γ is done for an STM magne-
tized in the x direction and the current asymmetry is plotted
as a function of γ. The sign of the asymmetry at γ = 0 pro-
vides the handedness of the spin texture. For reconstructing
the magnitude of the spin another TMR scan needs to be done
by varying γ but now with the STM magnetization pointing in
the y direction. ∆I/I0 plotted for the case of STM spin point-
ing in the x-direction is shown in Fig. (3). The three panels
at the top show the current distribution pattern at finite bias in
the k1−ky plane for three different surfaces Σ(θ) correspond-
ing to θ = 0, pi/4 and pi/2 as labeled in the plot. It can be
seen that, as one moves from the θ = 0 surface to an oblique
surface, the anisotropy in current distribution (Fig. (3) top)
and the resulting experimentally measurable current asymme-
try (Fig. (3) bottom) decreases and eventually goes to 0 on
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0.000 0.125 0.250
0 pi/4 pi/2 3pi/4 pi
γ
0.6
0.4
0.2
0.0
0.2
0.4
0.6
∆
I/
I 0
θ=0
θ=pi/4
θ=pi/2
FIG. 3. Top: The three panels show the current distribution in the
k1 − ky plane (in units of A˚−1) for three different surfaces with the
STM spin-polarized in the x-direction. Bottom: The TMR response
corresponding to the same situation is shown by plotting ∆I/I0 as a
function of γ.
the side surfaces. The current asymmetry for this case is a
direct reflection of the spin polarization in the x direction, as
it exactly mirrors the x-component of magnetization of half
the Fermi surface as shown in Fig. (2). Hence such a mea-
surement will indeed lead to reconstruction of x-component
of the spin texture presented in Fig. (2).
These measurements however do not throw any light on
the y-magnetization of the Fermi surface and hence one can
not predict anything about the texture of the magnitude of
the spin polarization of the surface state based on the above
measurement alone. For this one needs, as mentioned above,
another similar set of measurements, but with the STM spin
pointing in the y-direction. These results are presented in
Fig. (4). The current asymmetry peak as a function of γ
for the STM polarized in the y direction (Fig. (4) bottom)
is shifted by pi/2 compared to the case where the STM
polarization is in the x direction (Fig. (3) bottom). However,
for oblique surfaces the asymmetry profile is not just a trivial
shift of the curve by pi/2. Two differences are to be noted
here, firstly, the asymmetry does not go down as one goes
to a more and more oblique surface and secondly, the curve
flattens out more and more near the peak as one goes to a
more and more oblique surface. The first point implies that
magnitude of the spin polarization does not go down as θ
is increased, and the second, points towards an elliptical
Fermi surface. This can be understood as follows: from
Eq. (A9b) one can see that on the Fermi surface, 〈σy〉(k)
is directly proportional to k1. For a wide range of angles
near the peak, k1 is high enough to flatten out the peak of
the current asymmetry. This already suggests an extended
structure of the Fermi surface in the k1 direction. Also
observation that as θ is increased the fall of the asymmetry’s
magnitude to 0 gets steeper. This also indicates that the Fermi
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FIG. 4. Top: The three panels show the current distribution in the
k1 − ky plane (in units of A˚−1) for three different surfaces with the
STM spin-polarized in the y direction. Bottom: The TMR response
corresponding to the same situation is shown by plotting ∆I/I0 as a
function of γ.
surface is less extended in the ky direction compared to the
k1 direction. These two observations uniquely identify the
conic section of the Fermi surface to be an ellipse. Another
information that can be extracted is about the Fermi velocities
perpendicular and parallel to the crystal growth axis (v‖ and
vz respectively). As one goes to a more and more oblique
surface, one expects that the contribution of vz to the Fermi
velocity in k1 direction to increase. So the observation that
as θ is increased the Fermi surface gets more elliptical and
extended in the k1 direction points to the fact that vz < v‖ as
the semi-axes of the Fermi surface in the k1 and ky directions
are proportional to v−11 and v
−1
‖ respectively. Coming back
to the spin texture, one can conclude that all the surfaces are
devoid of any spin polarization in the z direction as one never
finds any current asymmetry, if the STM is spin-polarized in
the z direction. Hence in this section we have shown, how the
current asymmetry can uniquely reconstruct the spin texture
〈σx〉(k) and 〈σy〉(k) and provide clear indication of change
of Fermi surface from a circular (for θ = 0 surface) shape to
an ellipse (for θ 6= 0 surface) like shape.
VII. SPIN TEXTURE AS HOLOGRAM OF THE BULK
In this section, we show that the spin texture reconstruc-
tion via current asymmetry measurement ∆I could lead to a
unique identification of the surface Σ(θ) and the θ-dependent
Fermi velocities of the surface states. These in turn can
uniquely determine vz and v‖, thus giving information of the
bulk band structure of the crystal. The strategy for this identi-
fication is based on the observation that the expression for the
8〈σx〉 in Eq. (A9a) has a momentum independent part which
is proportional to cos θ/v3. This observation implies that the
x-component of magnetization for any finite segment of the
Fermi surface also scales by this factor which depends only on
the value of θ. Hence this factor will show up in the expres-
sion for ∆I (note that ∆I is proportional to magnetization of
half of the Fermi surface) provided we choose the STM mag-
netization along the x-direction. To see this fact more clearly
we note that the momentum resolved tunneling current for the
case of STM magnetized pointing along x direction (obtained
from Eq. (24)) is given by
I(k) ∝ (1 + p 〈σx〉(k)). (31)
It is now obvious from Eq. (25) that the current asymmetry
∆I in this situation has to be proportional to the 〈σx〉 aver-
aged over half of the Fermi surface of the surface state, which
in turn depends on the scale factor cos θ/v3. To maximize
the signal, orientation of the contact is taken to be such that
it maximizes ∆I for the given magnetization direction of the
STM tip. It can be shown that γ = 0 is the configuration28
that meets the criterion. Note that, changing the orientation of
the contact (i.e., changing γ) on the surface must be done with
respect to the orientation of the underlying lattice which is be
to be held fixed. Hence changing the orientation of contact is
not equivalent to rotating the sample about the k3-axis.
A systematic measurement of the quantity ∆I as a function
of θ while the STM magnetization points only along the x-
direction should fit a function of the form c (cos θ/v3) where
c is a constant. Hence, for an arbitrary surface 〈σx〉, mea-
surement of ∆I with the STM magnetization pointing along
x-direction can be used to uniquely identify the value of θ for
that particular surface. Also, to ensure that a possible varia-
tion in strength of the tunnel coupling J used to probe sur-
faces with different θ does not spoil the proposed strategy for
identifying the surface, one can always normalize ∆I by total
injected current I0 = IR + IL resulting in a dimensionless
quantity irrespective of the details of J . This fact is demon-
strated in Fig. (5). The value c appearing in the plot is given
by the following relation,
c = vz
∆I
I0
∣∣∣∣
θ=0,γ=0
. (32)
Since, for the θ = 0 surface, the spin momentum locking is
perfect, it is straightforward to show that
∆I
I0
∣∣∣∣
θ=0,γ=0
= p
2
pi
. (33)
Plugging Eq. (33) in Eq. (32), one gets the value of c as
c = p 2vz/pi. (34)
Now we observe that ∆I/I0 if experimentally measured
could be fitted to a theoretically predicted functional form
given by
∆I
I0
= p
2vz
pi
cos θ√
v2z cos
2 θ + v2‖ sin
2 θ
, (35)
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FIG. 5. The data points show ∆I/I0 calculated for the STM tip being
magnetized in the x direction (θs = pi/2, φs = 0) and the ideal
case p = 1, for the contact configuration corresponding to γ = 0.
The solid line shows the continuous function c cos θ/v3 which is
the function followed by the current asymmetry as function of the
surface.
which is just a two-parameter fit over the parameters vz and
v‖ of the bulk Hamiltonian. Hence this fit could lead to a read
out of vz and v‖. In conclusion, the collection of measure-
ments of the current asymmetries over different surfaces, acts
like a hologram of the bulk. Such a reconstructions of bulk
parameters is impossible with any set of measurements on a
single surface.
VIII. CONCLUSION
In this article we have developed a tunnel Hamiltonian
approach for injection of spin-polarized electrons from a
magnetized STM into the planar surface which is exposed
by cleaving a crystal of a 3D TI material like Bi2Se3 at an
arbitrary angle θ with respect to the crystal growth axis.
We apply this tunnel Hamiltonian approach to demonstrate
that, electrical transport in the linear response regime carries
unique signatures of the surface corresponding to a given
θ. Our proposal also provides a strategy to exploit the
three terminal TMR scan to determine the unconventional
spin-momentum locking textures for the θ 6= 0, pi surfaces.
We show that a complete set of current asymmetry mea-
surements over different surfaces can actually be used to
identify the material parameters which characterize the bulk
band structure and hence acts as a hologram. The TMR scan
can also identify the angle θ for an arbitrary surface, hence,
though conventionally x-ray spectroscopy is used to identify
different crystal surfaces, in this case one can use an electrical
transport probe as an alternative.
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Appendix A: Derivation of the surface states and their spin
textures
The appendix contains a self contained derivation of the ex-
pressions of the surface states and their spin textures as ob-
tained in Ref.[29].
Explicitly writing down the surface Hamiltonian in Eq.(4)
in our basis reveals that it is already in a block diagonal form
(which was the reason for choosing the τ ⊗ σ representa-
tion) and now each block can be written in a σ.B form where
B can be thought of as an effective magnetic field acting on
the spin degree of freedom belonging to the respective blocks.
The surface Hamiltonian in Eq.(4) written in τ⊗σ basis takes
the block diagonal form given by
Hsurf(θ) =
(
σ.B+k (θ) 0
0 σ.B−k (θ)
)
, (A1)
where
B±k (θ) = {v‖kyα,−v1k1,∓v‖kyβ}. (A2)
Since |B+k (θ)| = |B−k (θ)|, the energy dispersion result-
ing from Eq. (A1) is two-fold degenerate. Also note that
B+k (θ) andB
−
k (θ) differ only in their z-component with an
equal magnitude and opposite sign. This fact gives clear indi-
cations that, if we evaluate the expectation value of spin in an
eigenstate of this Hamiltonian, its z-component may be zero
regardless of the value of θ as will be evident in the next sec-
tion. The surface dependent energy dispersion in Eq.(5) is
plotted in Fig.(6) for three different θs and it shows how the
Fermi surface evolves from a circular one to an elliptical one
as one goes from θ = 0 to θ = pi/2. The surface Hamiltonian
in Eq. (A1) is a 4×4 matrix, giving rise to the two degenerate
Dirac-like dispersions, however it should be noted that one
exposed surface of the TI has only one Dirac-like cone liv-
ing on it. Actually one Dirac cone belongs to the top surface
and the other one belongs to the bottom one. This suggests
that an arbitrary state picked from the degenerate subspace of
the eigenstates ofHsurf(θ) does not represent the true surfaces
states. The correct four component spinor describing the ap-
propriate surfaces states are constructed in the following way.
The two eigenstates for each of the two blocks in Eq. (A1)
are given by
χ±E+(k) =
(
cos
θ±k
2
sin
θ±k
2 e
iφ±k
)
; χ±E−(k) =
(
− sin θ
±
k
2
cos
θ±k
2 e
iφ±k
)
,
(A3)
where χ+E+ and χ
+
E− are the positive and negative energy
eigenstates respectively of the first block, and χ−E+ and χ
−
E−
are of the second block of Eq. (A1). With this, it is straight-
forward to construct the eigenstates of the Hamiltonian in
Eq.(A1) as
ψ+E+ =
(
χ+E+
0
)
; ψ−E+ =
(
0
χ−E+
)
ψ+E− =
(
χ+E−
0
)
; ψ−E− =
(
0
χ−E−
)
. (A4)
In Eqs. (A3) and (A4), θ±k and φ
±
k are defined via the effective
magnetic fields (Eq. (A2)) as
B±k = |B±k |(sin θ±k cosφ±k , sin θ±k sinφ±k , cos θ±k ). (A5)
The relation between θ±k and φ
±
k can be trivially seen from
Eq. (A2) as θ−k = pi − θ+k and φ−k = φ+k . From now on, we
drop the± superscript on the θ±k and φ±k and write everything
in terms of θ+k and φ
+
k denoted by θk and φk.
The correct description of states on the surface of the topo-
logical insulator can now be constructed by taking appropriate
linear combinations of the states from the two fold degener-
ate subspace discussed above. The coefficients of the linear
combination are fixed by considering the fact that the surface
state also has to be an eigenstate of Tx operator. The surface
states being an eigenstate of Tx operator can be understood
from the last terms in the expression for bulk Hamiltonian
H in Eq. (2) which finally induces the dispersing modes of
the surface Hamiltonian. Under the above consideration, the
wavefunction for surface electron (Eq.(6) of the main text) can
be written as
Ψ
1(2)
c(v)(k) =
1√
2
(
χ+E+(E−)(k)
eiφ
1(2)
R χ−E+(E−)(k)
)
c
1(2)
k,c(v), (A6)
The expectation value of the I2×2 ⊗σ in the state given by
Eq. (A6) yields the spin texture as
〈Ψc|I2×2 ⊗ σ|Ψc〉 = 1
2
(〈χ+E+|σ|χ+E+〉+ 〈χ−E+|σ|χ−E+〉).
(A7)
10
FIG. 7. The spin texture for three different surfaces corresponding to
θ = 0, pi/4, and pi/2 are plotted in the momentum space. It should
be noted that the axes of the figures are k1 and ky (in units of A˚
−1)
which are the local in-plane axes, however the first two columns
show the expectation of spin along the global x and y directions.
Since 〈σz〉 is identically zero, it is not plotted, rather the expectation
of the total spin magnitude is plotted to show that it is not constant
on the Fermi surface for arbitrary surfaces.
Note that the effective magnetic field for the two parity sectors
are related as B+x = B
−
x , B
+
y = B
−
y , and B
+
z = −B−z . This
implies that 〈σz〉 should identically vanish for any arbitrary
surface. The expectation value of the spin can be directly read
off from the Hamiltonian as
〈σ〉(k) = B
+
k +B
−
k
2|Bk| . (A8)
Hereafter, it is straightforward to obtain the expectation values
of the spin operators using Eq.(A7) which give
〈σx〉 =
vzv‖ky cos θ
v3
√
v21k
2
1 + v
2
‖k
2
y
, (A9a)
〈σy〉 =
−vzv‖k1
v3
√
v21k
2
1 + v
2
‖k
2
y
, (A9b)
〈σz〉 = 0, (A9c)
which is shown in Fig.(7).
Note that the expectation values of the spin operators flip
their signs for valence band. Also, note that the spin on any
arbitrary surface always lies in the x-y plane defined in the
global coordinate system. Therefore, for an arbitrary surface,
which is not parallel to the x-y plane, the spin can have a
component perpendicular to the surface and this is a signature
of absence of a perfect spin-momentum locking in contrary
to the case for the θ = 0 and pi surfaces. This becomes even
more evident if the expectation value of spin is looked at in the
local surface dependent coordinate system, where the surface
is described by the k1-ky plane and k3 points perpendicular
to the surface, as shown in Fig.(8). In this local coordinate
system 〈σ1〉θ = 〈σx〉 cos θ and 〈σ3〉θ = 〈σx〉 sin θ.
Also, the magnitude of the spin |〈σ〉| =√〈σx〉2 + 〈σy〉2 + 〈σz〉2 has a texture in the momen-
tum space which depends on the surface. This is an additional
feature which comes along with imperfect spin-momentum
locking for surfaces with θ 6= 0, pi. Interesting features that
appear in the spin texture for an arbitrary surface of the TI are
shown in Fig. (7). The third column of Fig. (7) shows that for
an arbitrary surfaces the magnitude of the spin on the Fermi
surface is not a constant.
The imperfection in the spin-momentum locking is better
highlighted if one calculates the spin-momentum locking an-
gle (θL). It turns out that it is a constant for the surface per-
pendicular to the crystal growth axis, whereas for arbitrary
surfaces, θL has a texture in the momentum space. Using the
relation cos θL(k) = 〈σ〉(k) ·kˆ/|〈σ〉(k)|, and the expressions
in Eqs. (A9a) and (A9b), one can show that
θL(k) = cos
−1
(
− sin2 θ sin δk cos δk√
cos2 θ sin2 δk + cos2 δk
)
, (A10)
where δk parameterizes the momentum on the surface as
k1 = kp cos δk and ky = kp sin δk with kp being the mag-
nitude of components of the momentum in the plane. As can
be seen from Eq. (A10) and Fig. (8) the spin always points
perpendicular to the momentum for θ = 0, however as one
begins to take arbitrary surfaces(θ 6= 0), the spin-momentum
locking angle begins to develop a dependence on the momen-
tum.
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FIG. 8. The spin texture for three different surfaces states corre-
sponding to θ = 0, pi/4, and pi/2 are plotted in the momentum
space. It should be noted that the axes of the figures are k1 and ky (in
units of A˚−1) which are the local in-plane axes, and the vectors show
the in-plane spin components σ1 and σy . The density plot in the
background shows the out-of-plane component of the magnetization
σ3.
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